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Abstract 

Let R be a standard graded Noetherian algebra over an Artinian local ring. Moti- 
vated by the work of Achilles and Manaresi in intersection theory, we first express the 
multiplicity of R by means of local j-multiplicities of various hyperplane sections. When 
applied to a homogeneous inclusion A C B of standard graded Noetherian algebras over 
an Artinian local ring, this formula yields the multiplicity of A in terms of that of B 
and of local j-multiplicities of hyperplane sections along Proj (B). Our formulas can be 
used to find the multiplicity of special fiber rings and to obtain the degree of dual va- 
rieties for any hypersurface. In particular, it gives a generalization of Teissier's Pluckcr 
formula to hypersurfaces with non-isolated singularities. Our work generalizes results 
by Simis, Ulrich and Vasconcelos on homogeneous embeddings of graded algebras. 



1 Introduction. 

Let A = Aq[Ai] CB = i?o[-Bi] be a homogeneous inclusion of standard graded Noethe- 
rian rings with Aq = Bq and each Artinian local. The goal of this work is to give a formula 
for the multiplicity of A in terms of the multiplicity of B and of local multiplicities along 
Proj(B). 

One of the main applications of this formula will be to the computation of the multiplicity 
of special fiber rings. Let R be a standard graded Noetherian algebra of dimension d over 
a field k and I an ideal of R generated by forms of the same degree 5. Let St{I~) = QjLrf? 
be the Rees algebra of I. The special fiber ring k (&r describes the homogeneous 

coordinate ring of the image of the rational map induced by /. As a special case this 
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construction yields homogeneous coordinate rings of Gauss images and of secant varieties. 
It is important to compute the multiplicity of the special fiber ring. For this goal, observe 
k <8)r&(I) — k[I$] C k[Rs] = R( s \ where k[Ig] is the fc-algebra generated by the forms 
in / of degree 5 and RS°) is the 5-th. Veronese subring of R. After rescaling the grading 
of both k[I s ] and R( s \ k[I s ] Q is a homogeneous inclusion of standard graded k- 
algebras. If we could express e(fc[I,y]) in terms of e(R^) and local multiplicities along 
Proj"(i? (<5) ), then we can compute e(k[Is]) using the multiplicities of R. Indeed, since the 
i-th homogeneous component of R( s ' is the 5i-th homogeneous component of R, e(i?W) = 
e(R) ■ 5 d ~ l . Furthermore as Proj(-R^) ~ Proj(i?), the local multiplicities along Proj(-R^) 
do not change if we pass to the local multiplicities along Proj(i?). 

For A C B as above, it is easy to see that dim A < dimi?. If dimvl = diml?, the first 
case to consider is when dimB/AiB = 0, i.e., B is integral over A. If we assume further 
that A p is reduced and rank^Bp = r for every prime ideal p in A of dimension d, then 
e(B) = re(A). The questions are as follows: what happens when dimB/A\B > 1 and how 
to find those local multiplicities along Proj(-B)? In 2001, Simis, Ulrich and Vasconcelos 
gave some partial answers: 

Theorem 1.1 ( |17l 6.4]) Let A C B be a homogeneous inclusion of standard graded Noethe- 
rian rings of the same dimension, with Aq = Bq each Artinian local and B equidimensional. 
Let *p = {p £ Spec(A) | dim A/p = dimvl} and assume that A p is reduced and rank^ p i?p = r 
for every prime ideal p G ^3. If dim B /A\B = 1, then 

e(B) = re(A) + £ e AlBq (B q ) e(B/q), (1) 

where = {q E V{A\B) nProj( J B) \ dimB/q = d\mB/AiB}. 

Here e(A) and e{B) are the usual multiplicities of A and B. We use e y i 1 B q (i3g) to denote 
the Hilbert-Samuel multiplicity of B q with respect to the ideal A\B q . 

The assumption diva.B/A\B = 1 forces the prime ideals in the projective spectrum of 
B containing the ideal A\B to be minimal over A\B. Therefore the ideal A\B q is primary 
to the maximal ideal qB q , for q € £2, and one can use the Hilbert-Samuel multiplicity 
ZAxBqiBq)- But when dim B j A\B > 1, the sum will involve prime ideals which are not 
minimal over A\B and the Hilbert-Samuel multiplicity is not defined locally at those prime 
ideals. Thus for dim B j A\B > 1, these authors showed only that the left hand side of 
Equation (1) is greater than the right hand side [17J. In this theorem, the required local 
multiplicities along Proj(B) are just the Hilbert-Samuel multiplicities. 

Later in 2007, Validashti improved this inequality when dim BjA\B > 1: 

Proposition 1.2 ( |21^ 5.9.4]) Let A C B be a homogeneous inclusion of standard graded 
Noetherian rings of the same dimension, with Aq = Bq each Artinian local and B equidi- 
mensional. Let *p = {p G Spec(^4) | dim A/p = dimj4} and assume that A p is reduced and 
rank^-Bp = r for every prime ideal p € Then 

e(B) > re(A) + £ j{A x B q ) e(B/q), (2) 
geQ' 
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where = V(A\B) n Proj(B) | £(AxB q ) = dimB q }. 

Here £{A\B q ) is the analytic spread of the ideal A\B q and j{A\B q ) is its j-multiplicity 
in the sense of Achilles-Manaresi [I] [2]. Observe the set £}' is finite (it is contained in the 
set of the centers of the Rees valuations of A\B). But it may contain prime ideals q which 
are not minimal over A\B. Hence the j'-multiplicity is used in Inequality (2) to replace the 
Hilbert-Samuel multiplicity. Since AiB q has maximal analytic spread, one has j{A\B q ) 7^ 0. 
Also if q is minimal over A\B, j{A\B q ) = eA 1 B q (B q ). Thus when &\m.B/A\B > 1, some 
terms are added to the right hand side of Equation (1) to make it closer to e(B). But 
Validashti [21] also gave an example to show that Inequality (2) can be strict. In Theorem 
4.1, we give the extra terms on the right hand side of Inequality (2) required to yield an 
equality for arbitrary dimensions of B j A\B. This solves the problem when dim A = dim£>. 
In Theorem 4.9, we also provide a formula for the case when dim A < dim B. Thus we give 
a complete answer to the original question. 

As mentioned before, these formulas can be used to find the multiplicity of the special 
fiber ring k (g)# where / C R is an ideal generated by forms of the same degree in 

a standard graded /c-algebra R. This yields an upper bound for the reduction number of 
/ with respect to any reduction. It also provides a formula for the degree of the image 
of the rational map induced by I. In particular, it gives the degree of dual varieties of 
hypersurfaces. The first formula relating the degree of the dual variety to the degree of the 
variety itself was given by Plucker in 1834 for complex plane curves with at most nodes and 
cusps as singularities [12} p. 857]. Later, in 1975 Teissier generalized Plucker's formula to 
hypersurfaces with at most isolated singularities [181 App.II]. In 1994, Kleiman generalized 
Teissier's Plucker formula to projective varieties with at most isolated singularities 
Theorem 2]. In 1997, based on Kleiman's work, Thorup generalized the Plucker formula to 
projective varieties with arbitrary singularities using the Chow groups of the varieties |19j . 
Both of their formulas assume the variety has non-deficient dual (i.e., the dual variety is a 
hypersurface) . In that case the degree of the dual variety is called the class of the variety. 
Our formulas can be used to find the degree of the dual variety for any hypersurface without 
any restriction on its singularities and dual variety (i.e., we do not need the dual variety to 
be a hypersurface). In particular, it gives a generalization of Teissier's Plucker formula to 
hypersurfaces with arbitrary singularities. See Section 5 for these applications. 

This paper is divided into five parts. In Section 2, first we fix notation which will be 
used throughout the paper. After that we define the j-multiplicity for ideals that have 
possibly non-maximal analytic spread and prove some facts about the j-multiplicity and 
(super-) reduction sequences. In Section 3, we express the multiplicity of a standard graded 
Noetherian algebra by means of local j-multiplicities of various hyperplane sections. This 
formula becomes simpler if the ideal I satisfies condition Gt+i and Artin-Nagata property 
AN t ^ 1 , or if / is a complete intersection for every q £ V{I) with htq <t, or is perfect of 
height two satisfying condition Gt+i, or is Gorenstein of height three satisfying condition 
Gt+i (see Corollaries 3.3 and 3.5). In Section 4, we consider a homogeneous inclusion A C B 
of standard graded Noetherian rings over an Artinian local ring and express the multiplicity 
of A in terms of that of B and of local j-multiplicities of hyperplane sections along Proj(-B); 
this is done by applying the formulas obtained in Section 3. Finally in Section 5, we obtain 



3 



the formulas for the multiplicity of special fiber rings and give some applications. 

2 Preliminaries. 

In this section, first we fix notation and recall some basic concepts and results which 
will be used throughout the paper. Then we define the j-multiplicity for ideals that have 
possibly non-maximal analytic spread and prove some facts about the j-multiplicity and 
(super-) reduction sequences. 

Throughout the paper, let (R, m, k) be either a Noetherian local ring or a standard 
graded Noetherian algebra over an Artinian local ring (Ro,mo), where m is either the 
maximal ideal or the homogeneous maximal ideal (mo,RiR) of R and k = R/m is the 
residue field. Let I be an ideal of R. Write G = gij(R) = (BJLqI 3 / P +1 for the associated 
graded ring of R with respect to the ideal I and F = G/mG for the special fiber ring of 
this ideal. The analytic spread of / is defined by £(I) = dimF and one has htl < 1(1) < 
dim R = dim G, where ht I denotes the height of /. 

If / is an m-primary ideal of R, we write ei(R) for the Hilbert- Samuel multiplicity of R 
with respect to / and e(R) for e m (R). If / is not necessarily m-primary but has maximal 
analytic spread, i.e., 1(1) = dimi?, one writes j(I) for the j-multiplicity of R with respect to 
/ (see [I], and Definition 2.1 and subsequent remarks below). Notice that if / is m-primary 
then j(I) = ei (R) p. 

For an ideal I and a submodule N of an i?-module M, N (I) = Uj>o(A r :m I 1 ) = {x € 
M | Px C N for some i € N}. An element a E / is said to be a filter-regular element with 
respect to I if :r a C :ji (I). This is equivalent to saying that a is not in any q £ Ass(R) 
such that I £ q. A sequence of elements ai, . . . ,at of / is called a filter-regular sequence for 
R with respect to / if (ai, . . . , a^i)R :jj Oj C (oi, . . . , ai-i)R :r (I) for 1 < i < t. Assume 
that £(I) = s. Then a sequence of elements a±, . . . ,a s of / is called a reduction sequence for 
/ if the initial forms a*, . . . , a* of oi, . . . , a s in G are of degree one and form a filter-regular 
sequence for G with respect to G+, where G+ is the ideal generated by all homogeneous 
elements of positive degree in G, and a system of parameters for F. If s = dimi? = d, 
a reduction sequence oi, . . . , for / will be called a super-reduction for /, if for every 
relevant highest-dimensional prime ideal P of G, the initial forms a*,.. . , cl*m p \ are a system 
of parameters for G/(mG + P), where d(P) = dim Gj (mG + P). Suppose ai,...,a<i form a 
super-reduction for / and Jd-i = (ai, . . ■ ,a^„i)i? :r (I); then j(I) = \r(R/ (Jd-i + &dR))-, 
where \r(R/ (Jd-i + a,dR)) denotes the length of R/(Jd-i + adR) [lj. It is well-known 
that if R has infinite residue field, every ideal has reduction sequences or, if the ideal has 
maximal analytic spread, super-reductions. For concepts and results about analytic spread, 
(j-)multiplicities and (super-) reduction sequences, see p], [2], [3], [5], [15], [16] and [2T] , 

Now we will define the j-multiplicity for ideals that have possibly non-maximal analytic 
spread. 

Definition 2.1 Let (R, m, k) be either a Noetherian local ring or a standard graded Noethe- 
rian algebra over an Artinian local ring (Rq,itiq), where m is either the maximal ideal or 
the homogeneous maximal ideal (mo,R\R) of R and k = R/m is the residue field. Let / 
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be an i?-ideal with analytic spread 1(1) = s. Set G = gij(R) and T m (G) = :q i m ) = 
(B^ T m (P/P +l ). The module F m (G) is finitely generated and graded over a standard 
graded Noetherian algebra over the Artinian local ring R/m 1 for some integer t > 0. Fur- 
thermore, dimT m (G) < s. So T m (G) has a Hilbert function that is eventually a polynomial 
of degree at most s — 1. Define 

A(r m (/yr+ 1 )) 

Js (/) = ( S -l)!hm — t . 

Notice that j s (I) = e(T m (G)) if dimr m (G) = s and zero otherwise. When s = dimi?, 
j s (I) is the usual j-multiplicity j(I). In particular if / is m-primary, j s (I) = j(I) = ei(R), 
the Hilbert-Samuel multiplicity. 

The following lemma shows that the j s -multiplicity does not change modulo the ideal 

:r(I). 

Lemma 2.2 Let (R,m,k) be as in Definition 2.1 with k infinite and I an ideal of R. Set 
J = :r (I) and assume R = R/J ^ 0. Write I = IR and s = 1(1). Then s > 1 and the 
following hold: 

(a) l(I)=£(T) = s. 

(b) j s (I)=j s (I). 

Proof, (a) If s = 0, then I is in the nilradical of R and R = R/J = 0. Hence it is easy 
to see that s > 1 and £(I) > s. On the other hand, since k is infinite, there exists an ideal 
H CI generated by s elements with P C HP~ X + J for j » 0. So P C HP~ X + JC\P for 
sufficiently large j. Let t be an integer such that J = :r I 1 . By the Artin-Rees Lemma, 
there exists c > so that for all j > c + 1, P n J = P~ C (I C n J) C I* J = 0. So !•? C FJ J ' _1 
for j >> 0, i.e., is a reduction of /. Since is generated by s elements, it follows that 
1(1) < s. 

(b) Let G = gij(R) = ®f =0 P/P + \ G = gxj(R) = ®f =0 P /(P n J + P +l ). By 
the proof of part(a), P n J = when j >> 0. Set fh = mR, one has F m (P /P + ) = 
Trn(P/(P n J + for j >> 0. Thus one has dimT m (G) = dimr„-,(G). Furthermore 

j s (/) = e(r m (G)) = e(r 7fl (G')) = j s (7) if dim T m (G) = s, and j s (I) = = j s (7) otherwise. 
■ 

Next we want to prove a result about (super-)reduction sequences. Before doing that, 
let us recall the bigraded ring T = gr m (gr j(R)) from [2j. Observe T = (Bfj =0 Tij, where 
Tij = (WP + P +1 )/(m i+1 P + P +1 ) and T 00 = R/m = k. First we give a fact about the 
bigraded ring T. 

Proposition 2.3 Let (R,m,k) be as in Definition 2.1 and assume that k is infinite. Let 

1 = (ai, . . . ,a n )R be an ideal with 1(1) = s. Write Xi = J2j=i ^ij a j f or 1 ^ * ^ s an d 
A = (\ij) € R sn . Then there is a dense open subset U of k sn such that if the image A = 
(Ay) € U , the images x°, . . . , x° of X\, . . . , x s in Tq\ = I /ml are a filter-regular sequence 
for T with respect to the ideal Tq\T and a system of parameters for F = G/mG = ©^L Toj. 
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Proof. Observe that if s = 0, the result is obvious. So we may assume s > 0. First we 
show there exists a dense open subset U± of k sn such that if the image A G U\ , then x°, . . . ,x° 
form a filter-regular sequence with respect to the ideal Tq±T. To do this, let Z = (zij) be 
variables over R, 1 < i < s, 1 < j < n, R' = R[Z] and V = gr mR ,(gr IR ,(R')) = T[Z]. 
Write the generic linear combinations x\ = ]Cj=i z ij a j> 1 < « < s- The images x'f, . . . ,x'" 
in Tqi = IR' /mIR' are of degree one (set the degrees of z^ to be zero) and form a 
filter-regular sequence with respect to T^T' , i.e., a weakly regular sequence locally at 
every prime ideal of Spec(T') \ ViT^T'). So the Koszul complex K.(x'°, . . . , x'°) in T' 
is acyclic locally on Spec(T') \ V^^T'). Notice Z — A = (z^ — Xij) is an ideal in k[Z] 
and K.(x'°, . . . , x'°) ®k[z] k[Z]/(Z — A) = K.(x\, . . . Koszul complex in T. We 

only need to show that, by avoiding a proper closed subset of k sn , K.(x°,...,x°)q is 
acyclic whenever Q G Spec(T)\V (TqiT) . Observe that T' is a finitely generated alge- 
bra over the Noetherian domain k[Z] and the 0-th Koszul homology Hq(x'°, . . . , x'°) = 
T'/(x'f, . . . ,x'°)T' is a finite T'-module. By the Generic Flatness Lemma, there exists an 
element ^ f € k[Z] such that T'j and Hq(x'°, . . . , x'°)f are all free over k[Z]f. Set 
Ui = k sn \V(f). We claim that Ui is the desired dense open subset. Indeed, let A G R sn 
with A G U\\ then K.(x'°, . . . , x'°)f ® k yz] t k[Z}f/{Z-~K) ~ K.(x°, . . .,x°). For every prime 
ideal Q G Spec(r)\y(ToiT), Tq/(x'°, . . . , x'°)T' Q = {T' f /(x'f, x'°)T' f ) Q is flat over k[Z] f . 

Thus Tor^^/Or; , . . . , x'°)T' Q , k[Z] f /(Z - A)) = for 1 < i < s, i.e., K.(x° v . . .,x°) Q is 
acyclic. 

Secondly, by p3] there exists another dense open subset U2 of k sn such that if the image 
A G U2, then xi, ■ ■ ■ ,x s generate a minimal reduction of /. Therefore x°, . . . ,x° form a 
system of parameters for the special fiber ring F = G/mG. Now let U = U\ n U2- Then U 
is a dense open subset of k sn and has the required property. ■ 

Remark 2.4 In the paper, by abuse of notation we will call A = (Ay) G R sn as in Propo- 
sition 2.3 general elements in R sn . 

As a result of Proposition 2.3, we have the following corollary. 

Corollary 2.5 Let (R,m,k) be as in Definition 2.1 and assume that k is infinite. Let 
I = (ai, . . . ,a n )R be an ideal with £(L) = s. Then for general elements A = (Xij) G R sn , 
xi,...,x s form a reduction sequence for L or, if s = dimR, a super-reduction for I. 

Proof. Notice that if the images x°,...,x° in Tqi = L/mL are a filter-regular sequence 
with respect to the ideal TqiT, then the initial forms x\,...,x* in the associated graded 
ring G = grj(R) form a filter-regular sequence of degree one with respect to G+ [2j. Now 
the first part follows from Proposition 2.3. For the second part, when s = dimR = d, we 
can just avoid finitely many more proper closed subsets of k dn to assume that x\, . . . ,Xd 
form a super-reduction for the ideal /. ■ 

Remark 2.6 Corollary 2.5 was first stated by Achilles and Manaresi [U 2.9]. But their 
proof shows only that one can choose general elements (Xij) sequentially. Our proof shows 
that indeed one can choose the general elements all at once. 
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3 Formulas for a graded algebra over an Artinian local ring. 



In this section, we will give the multiplicity formula for a standard graded Noetherian 
algebra R over an Artinian local ring. This formula expresses the multiplicity of R in terms 
of data associated to prime ideals in V(I), for I C R any given ideal generated by linear 
forms. 

Theorem 3.1 Let R = Rq[R\] be a standard graded Noetherian ring of dimension d with 
(Rq, mo) an Artinian local ring. Assume \Ro/mo\ = °o. Let I = (a\, . . . , a n )R be an ideal 
generated by homogeneous elements a±, . . . ,a n of degree one. Write hi I = g and 1(1) = s. 
For general elements A = (Ay) G R sn , let xi = X)j=i ^y a jj = ( x i> • • • > x i—l)R : R 

00 = {q G Min(J) | dim R/q = d} and 0j = {q G Min(J;_i + I) \ dim R/q = d-i}, for 

1 < i < s. Then t(I q j (x\, . . . , Xi-i)R q ) = 1 for every q G £}j with 1 < i < s, and 

e(R) = ^ e Iq (R q )e(R/q) + H ^T x \. )R )< R /^ ( 3 ) 

Proof. By Corollary 2.5, there exist general elements A = (Xij) G R sn such that 
xi,...,x s form a reduction sequence for I. In particular by [TJ 2.8], x\, . . . ,x s are a filter- 
regular sequence for R with respect to the ideal I. We show that whenever xi, . . . ,x s form 
a reduction sequence for /, then 

e(R) = ^ X(R q ) e(R/q) + 53 53 A ( r A 5 ) e ( fl /«)' 

We use induction on d to prove this. First when d = 0, one has g = and £2o = where 
m = (mQ,RiR) is the homogeneous maximal ideal of i2. Then e(R) = X(R) = X(R m ) and 
we are done. Let d > 1 and Q = {q G Min(i?) | dimi?/q = d,I £ q}. By the associativity 
formula, 

e(fl) = ^ X(R q ) e(R/q) + 53 X(R q )e(R/q). 
qeQo qe% 

We may assume s > as otherwise Q' = and the result is obvious. Furthermore if 
dim Rj Jq < d, then Q' = and 0.i = for 1 < i < s. The last assertion follows since Xi is 
a non zerodivisor on R/ ' Ji~\ for 1 < i < s. Assume dim Rj Jq = d. Since xi is a linear non 
zero divisor on R/Jo, 

53 X(R q ) e(R/q) = e(R/J ) = e(R/(J + Xl R)). 

q£Q' 

Let Q[ = {q G Min(J + xiR) \ dim R/q = d- 1, 1 q}, then 
e(R) = 53 KRq) e(R/q) + e(R/(J + xxR)) 

qeQo 

= £ A(«.) «(«/,)+ £ A(^L) e(R M + £ M^JW 

(4) 
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Similarly, we may suppose s > 1 as otherwise Q[ = and the result is obvious. Set 
R = Rj (Jo + xiR); then dimR = d— 1. Let G/( Jo + x\R, R) be the initial ideal of Jo + x\R 
in the associated graded ring G = gr T (R). Then G = gr jr(R) = G/Gj(Jq + xiR,R) and 
F = G/mG = G/(G/( J + sifl, i?) + mG). We will show £(IR) = dimF = 8-1. Observe 
x|, . . . ,Xg form a system of parameters for F = G/mG. Thus d\m.G/{x\G + mG) = s — 1. 
Since xiiZC J + xii2C Jx, G^Jq + x^R) : g (G+) = G^J^R) : G (G + )=x\G: G (G+) 
(see [21 3.2]). Therefore G/(Jo + x\R,R) and x^G have the same relevant associated prime 
ideals. As dim. G / {x\G+mG) = s-l > 0, it follows that dimF = dim G/(G I (J +x 1 R, R) + 
mG) = dimG/(xJG + mG) = s - 1. 

Let X2, . . . , xj be the images of X2, ■ ■ ■ ,x s in R. Prom the above argument, Gj(Jq + 
x\R, R) :g (G+) = xf G :a (G+). Hence the initial forms X2*, . . . , xj* of xf, . . . , xj in G form 
a filter-regular sequence for G with respect to G+. As xj is part of a system of parameters 
of G/mG, x~2, . . . , xj form a reduction sequence for /. Observe (Jo, xi, . . . , Xi-\)R :r (I) = 
Jj_l for 1 < j < s. By the induction hypothesis on R, we get 

e(R/(J + X1 R)) = E E X h Ath- ) e (^)- 

Substituting into Equation (4) we are done. 

Now let q € Uf =0 £2j. If g G £2o 5 then X(R q ) = ej q (R q ). So assume q 6 0j for some i > 1. 
We will show ^(I g / (xi, . . . , Xi-i)R q ) = 1 and 

\{Rq/{Ji-iR q + Xji?,)) = ji(I q /(xi, . . .,Xi-i)R q ). (5) 

First we want to see 



\{R q /(Ji„xR q + Xi R q )) = ji{I{R q /J % -iR q )). 

Let i? = R/Ji-\. Since g S V(Jj_i + 7) with dimTZ/g = d — i, ht Jj_i > i — 1 and 
x, E I is a non zerodivisor on R/J^i, one has dim R = d — i + 1. In the local ring R q , 
1 > dimi^q > grade IR q > 1. Therefore is git!g-primary with £(IR q ) = dimR q = 1. By 
[H 3.8 and 2.6], we only need to show the initial form x~* of ~xl in the associated graded 
ring grj-ft_(R q ) is filter-regular with respect to (gr^_(i?g)) + . But this comes from [21 3.2] 
and the fact that the filter-regular property is preserved under localization. 
Next we need to show l{I q /{x\, . . . ,Xi-i)R q ) = 1, and 

For this we only need to apply Lemma 2.2 to the local ring R q /(x\, ■ ■ ■ ,Xi-x)R q and its 
ideal I q /{x\, ■ ■ ■ ,Xi-i)R q . 

Finally since £2j = 0, < i < g — 1, we get Equation (3). ■ 

Remark 3.2 Theorem 3.1 is motivated by the intersection algorithms constructed by 
Achilles and Manaresi [2j. Indeed the idea behind the original Stuckrad-Vogel algorithm 
of refined intersection theory (cf. [3, Section 3.2], for example), from which [2] evolved, is 
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that the j-multiplicity can be calculated by adding together the contributions from top- 
dimensional components, then cutting by a hyperplane in general position and repeating 
the process, and so on. Returning to [2], recall that the degrees of cycles Vi(x,R) of R 
supported on V{T) are defined by 

deg^ofei*)) = E KR q )<R/q), 
deg^fei?)) = ]T A( \ ) e(R/q), l<i<s. 

They defined the multiplicity sequence cq(I), . . . , Cd{I) with respect to the ideal I using 
the bigraded ring T = gr m (grj (i?)). They proved that if the images x°, . . . ,x° in Tq\ = 
1 1 ml are a filter-regular sequence for T with respect to the ideal Tq\T and a system of 
parameters for F = G/mG, then deg(vi(x,R)) = Cd-i(I) [H 4.1]. The proof of Theorem 
3.1 shows that for general elements (Xij) in R sn , c^(J) = X^geQo ei q^i^ e {R/ a )-> c d-i{I) = 
SgeQi ^((JI — ]xi i)R ) e (R/l) for 1 < i < s, and the others are all zero. 

Now we want to apply Theorem 3.1 to some classes of ideals to obtain better formulas. 
To do this, first we need to recall some facts about residual intersections from [5]. Let R be 
a Noetherian ring and / an ideal of R. Set H = (x±, . . . , xt)R -r I, where (x\, . . . , xt)R £ I- 
If ht H > i > ht /, then H is said to be a t-residual intersection of / with respect to 
(xi, . . . , Xt)R. Furthermore if I q = (xi, . . . , Xt)R q for all q € V(J) with ht q < t, then H is 
a geometric t-residual intersection of /. Notice that the ideal H is a geometric t-residual 
intersection of I if and only if ht H > t and h.t(H + 1) > t + 1. An ideal / satisfies condition 
Gt+i if fJ>(I p ) <htp for all p G V(7) such that hip < t. Here [a(M) denotes the least number 
of generators of a module M . 

Recall that an ideal I has the Artin-Nagata property AN^ if for every i with ht I < i < t 
and every geometric i-residual intersection H of J, R/H is Cohen-Macaulay [20]. The ideal 
I is said to be strongly Cohen-Macaulay (SCM) if the Koszul homology modules of any 
set of generators of I are Cohen-Macaulay modules. Notice that it suffices to check this 
property for a fixed system of generators of I [9]. 

The following corollary shows that condition Gt+i and Artin-Nagata property AN^~_ 1 
determine how many terms we can simplify in Equation (3). 

Corollary 3.3 Let R = Ro[R\] be a standard graded Cohen-Macaulay ring of dimension d 
with (Ro,mo) an Artinian local ring. Assume |i?o/ m o| = °°- Let I = (a%, . . . , a n )R be an 
ideal generated by homogeneous elements a\, ■ ■ ■ , a n of degree one. Write htl = g, £(J) = s 
and assume that the ideal I satisfies condition Gt+i and Artin-Nagata property AN^ 1; 
where g < t < s. For general elements A = (Xij) G R sn , define Xi and 0j, 1 < i < s, as in 
Theorem 3.1. Let Hi = (x\, . . . , Xi)R L, where < i < s. Then 

t S j 

e{R) = e(R/I) + ^ e(fl/(fli_i + ^)) + E E MfZ IT^r) e (^)- (6) 
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Proof. Let Z = (zij), 1 < i < s, 1 < j < n, be variables over i?, and R' = R[Z]. Set 
x i = Y?j=i z ij a 3 an< ^ = • • • ' x 'i)R' -R' < i < s. Since I satisfies condition 
G>j-l> by [9, 3.2] for each i with g < i < t, is a geometric i-residual intersection of 
li?', i.e., hkH'i >_i and ht(flj + IR') > i + 1. Let fc = i?/(m , i?i-R) = i?o/W A = 
(Ay) € .R sn and A be the image of A in k sn . Write tv(H'A for the ideal in i? generated 
by the image of H[ under the evaluation map sending Zy to Xij. By 3.1], for all i 
with g < i < t, there exists a dense open subset U\ of A; 5 ™ such that ht(7r(fl^)) > i and 
ht(7r(i?j-) + J) > £ + 1 whenever A € t/i. Let C/2 be the dense open subset of k sn as in 
Theorem 3.1; U = U\ fl U2 is still a dense open subset of /c sn . Let A <G R sn with A £ (7. 
Then for g < i < t, since Tt{H[) C i^j, iJj is also a geometric i-residual intersection of / 
and hence I q = (xi, . . . ,Xi)R g for every q 6 £2j. Now consider £2j, where g < i < t. If 
g € g , since I g = (xi, . . . ,x g )R q is a complete intersection, ei q {R q ) = X(R g /I g ) if g = 0, 
and ji{Iq/ (xi, . . . , x g -i)R q ) = ei (R q ) = X(R q /I q ) if g > 0. Fix i with g + 1 < i < t and let 
Jj_i be defined as in Theorem 3.1. Since I satisfies AN^~_^ R/Hi_\ is Cohen-Macaulay and 
therefore Jj_i = Also from [20, 1.7], ht (J^-i + 1) = i and hence 0j / 0. Let g E £2j. 

By Equation (5), ji(I q /(xi,. . . , Zi-i)^) = X(R q /(Ji-iR q + XiR q )) = X(R q /(Hi-i + 
Applying Theorem 3.1 and the associativity formula, 

e(R) = J2 KR q /i q )<R/q) 

t s T 

+ E E A (V(^-i+^x^)+ E E^(? !Hnr) 

t s j 

= e(R/I)+ £ e (fl/(lf i _ 1 +J)) + £ 2_^^) e (fl/ g ). 



Remark 3.4 In Corollary 3.3, we can replace the Artin-Nagata property AN^~_ 1 by strongly 
Cohen-Macaulay. Indeed if J is a strongly Cohen-Macaulay ideal which satisfies condition 
Gt+i, then by [9j 3.3] (see also [SJ 3.1]), for g < i < i, H- is a geometric i-residual intersection 
of IR', R' /H[ is Cohen-Macaulay and ht-ffj- = i. By the proof of Corollary 3.3, for general 
elements A = (Xij) € R sn , Hi is a geometric z-residual intersection of / for g < i < t. 
Notice Z — A = (2^ — Xij) is a regular sequence on both R' and R' /IR'. For g + 1 < i < i, 
write 7r(i^_ 1 ) for the image modulo (Z — A)R'. By [HI 4.7] (see also [HI 10.4]), we have 
7r(// l '_ 1 ) = -ffj-i and RjHi-\ is also Cohen-Macaulay. Hence Jj_i = Furthermore by 

the proof of |20|, 1.7], ht (Jj-i + I) = i and therefore £}j 7^ 0. The remaining proof is the 
same as that of Corollary 3.3. 

When the ideal / is a complete intersection for every q £ V(I) with ht q < t, or is perfect 
of height 2 satisfying condition Gf+i, or is Gorenstein of height 3 satisfying condition Gt+i, 
we obtain nicer formulas. 
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Corollary 3.5 Let R = Rq[R\] be a standard graded Cohen- Macaulay ring of dimension 
d with (Ro,mo) an Artinian local ring. Assume |i?o/ m o| = °°- Let I = (a±, . . . ,a n )R be 
an ideal generated by homogeneous elements a\, . . . ,a n of degree one. Write htl = g and 
i(I) = s. For general elements A = (Xij) G R sn , let Aj_j be the sub-matrix consisting of 
the first i — 1 rows of A and define Xi, 0j as before, for 1 < i < s. 

(a) Assume I q is a complete intersection for every q G V(I) with htq < t, where 
g < t < s. Then 

t St 

e{R) = e{R/I) + £ e(R/(F^ + I)) + £ £ j^- q —— r ) e(R/q), 

1=5+1 i=t+l gGlJi H 

where = Fitto(//(xi, . . . , 

(6) Assume I is a perfect ideal of height 2 which satisfies condition Gt+i- Write /j,(I) = n 
and let -^ nx (n-i) = ^ e a matrix such that I = I n _i(X). Then 

e{R) = e(R/I) + j2e(R/(I n (X\kl 1 )+I))+ £ £ h{- Iq )e(R/q). 

i=3 i=t+lge£Ji ^l>--->^i-lJ^ 

(c) Assume I is a perfect Gorenstein ideal of height 3 which satisfies condition Gt+i- 
Write /u(I) = n and let X nxn = (%ij) be an alternating matrix such that I = Pf n _i(X) (the 

fx JSJ \ 

ideal generated by the n — 1 by n — 1 Pfaffians of X). Let Tj_i = I t r T 1 ), define 

V -v : " / 

J(Tj_i) to be the R-ideal generated by the Pfaffians of all principal sub-matrices of T,;_i 
which contain X for 4 < i < t (see [13]). Then 

e(R) = e(R/L) + Y j e(R/(J(T l ^) + L))+ £ £ /g )e(fl/g). 

t=4 i=t+lgea i 

Proof. In both three cases, / satisfies condition Gt+i- Write k = R/(mo, RiR) = 
Ro/ m o- By the proof of Corollary 3.3, for all i with g < i < t, there is a dense open 
subset U C /c sn such that whenever A = (Ay) £ U, Hi = (x\, ■ ■ ■ ,Xi)R :r I is a geometric 
i-residual intersection of /, and Equation (3) holds. Set A = (Xij) G R sn with A £ U. 

(a) As in the proof of Corollary 3.3, let Z = (zy), 1 < i < s, 1 < j < n, be variables 
over R and i?' = R[Z}. Let ^ = £"=i^i«j> = (a^, . . . , x'^R' : w IR' and J; = 
(xi, . . . , :h (I) for < i < s. Consider the local ring R q , where q G V(I) with ht q = t. 
Let g' = ht L q . We may assume L q = (a%, . . . , a g i) q after elementary transformations. There 
is an invertible n by n matrix E over R q such that (ai, . . . , a n ) T = E(a\, . . . , a g i, 0, . . . , 0) T . 
Fix i with g' + l < i < t. Observe that R' q = R q [Z] and = (x[, • • • , ^.Ji^ 

Let be the sub-matrix oi Z = (zy) generated by the first i — 1 rows. Then 99 = Zi—\E 
is a generic i — 1 by n matrix over If we write <p = (U \ W), where U is a i — 1 by g' 
sub-matrix, then (x[, . . . ,x' i _ 1 ) T = U(ax, . . .,a g/ ) T . By 3.4], (H-^g = (x[, . . . ,x' i _ 1 ) q + 

i 9 >(u) q . ^ 

In the Cohen-Macaulay local ring R' q , since IR' q is a complete intersection, the ideal 
LR' q is strongly Cohen-Macaulay and satisfies condition Gt+i- By the same argument of 
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Remark 3.4, we have R q /(Hi_i) g is Cohen-Macaulay and (Jj_i) g = {Hi-\) q = 7r((-Hi_i)g) = 
(Xl,. . . ,Xi-l) q + I g ,(n(U)) q . 

Observe there is an exact sequence 



Rq^ / © R q 1 > Rq >I q /(x\ , . . . , Xj_x)g — > 

where d\ is the 1-th derivation in the Koszul complex K (a%, . . . , a g >): 

g' 



So we have 



... R \ I A R9' ^R q ^ 0. 



Fitt (//(X1, . . . , Xi-!)) q + I q = (fli-i), + J g = I g >(ir(U)) q + V 

Thus (Ji_a + J), = + /), = Fitt (//(xi, . . . , + 

Finally let g € V(-0 with htg = i and ht/g = g. For every i with g + 1 < i < t, 
Rq/(Hi_i) q is Cohen-Macaulay and hence ht ( Jj_i + I) q = i (see the proof of [20J, 1.7]). 
Therefore £}j 7^ for every i with g + 1 < i < t. We are done by the proof of Corollary 3.3 
and the associativity formula. 

(b) Let R' = R[W,Z], where W = (u>ij) is a generic n x (n — 1) matrix, Z = (zij) 
is a generic s x n matrix and I' = I n -i(W) = (Ai,...,A n ), in an obvious notation. 
Set (xi, . . . , x' s ) T = Z(Ai, . . . , A n ) T and H[ = (x[,. . . , x'AR 1 : R , I'R' for < i < s. Fix 
3 < i < t. By [8, 4.1], we have B[_ x = I n {W | Zj_ x ). Let {W-X, Z-A) = {wij-Xij; Zjj— Ay) 
and write ^{H'^^) for the image modulo (W — X, Z — A)R' . By a similar argument as in the 
proof of [131 10.5], we have R/Hi_i is Cohen-Macaulay and Hj-i = tt (!£■_!) = I n (X \ Af^). 
Hence J«_i = Hi—\ = I n (X \ Af_-^) and we are done by the proof of Corollary 3.3. 

(c) By the proof of |13t 10.5], for each i with 4 < i < t, we have R/Hi-i is Cohen- 
Macaulay and fli-i = J(Tj_i). Hence Jj_i = H%-\ = J(Tj_i) and we are done by the proof 
of Corollary 3.3. ■ 



4 Homogeneous inclusions of graded algebras over an Ar- 
tinian local ring. 

In this section, we will consider homogeneous inclusions of two standard graded Noethe- 
rian algebras over an Artinian local ring. First we consider the case where these two rings 
have the same dimension. 

Theorem 4.1 Let A = Aq[Ai] C B = Bq[B\] be a homogeneous inclusion of standard 
graded Noetherian rings of the same dimension d. Let Aq = Bq = Rq be an Artinian lo- 
cal ring with maximal ideal m,Q and \Ro/mo\ = 00. Write A\A = (ai, . . . , a n )A, where 
ai,...,a n are homogeneous elements of degree one, and ht^4i-B = g. Let = {p € 
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Spec(A) \ dim A/ p = dim^} and assume that A v is reduced and rank^Up = r for ev- 
ery prime ideal p G ^3. For general elements A = (Ay) G i?g", define Xi, Ji, Qi, < i < d, 
as before. Then 

e(B) = re(A) + J2 e AlBq (B q ) e(B/q) + ]T E Ml ^ L ^-)e(B/q). 

(jSQo i=max{l,g} gSU,: ^ 

Proof. Recall G = gr^ lB (S) and T = gr m (gr AlB (B)), where m = (mo,B\B) is 
the homogeneous maximal ideal of B. Then F = G/mG ~ A/thqA (see [17]). Since 
dim^4/moA = dim A = d, £(A\B) = d. By Proposition 2.3, for general elements A = 
(Ay) G Rq 1 , the images x°, . . . ,x^ of x\, . . . ,x d in Toi = I /ml are a filter-regular sequence 
with respect to the ideal ToiT and a system of parameters for F. By the proof of Theorem 
3.1, Equation (3) holds for such A. Thus we only need to show: 

re(A) = j 1 (A 1 B m /(x 1 , . . .,x d _i)B m ). 

By Remark 3.2 and (2j Theorem 4.1], 

ji(A 1 B m /(x 1 ,...,x dr . 1 )B m ) =c (A 1 B) =j d (A 1 B). 

By [13 6.1], we know e{G) = e(B) = re{A) + e^^B), where e^A.B) = e(G/0 : G 
(B\G)). Since B\B and m have the same radical, :c (B\G) = :g (mG). Therefore 
j d {AiB) = e(0 : G (mG)) = e(G) - e^A, B) = re(A) (see also [H]). ■ 

Theorem 4.1 is a generalization of Theorem 1.1. When B is equidimensional, we have 
the following corollary. 

Corollary 4.2 In the same setting as Theorem 4-1, assume B is equidimensional and let 
Of = {q G V(A\B) n Proj(-B) | i(A\B q ) = dimi? g } as in Proposition 1.2. For general 
elements A = (Ay) G Rq™, define Xi, J{ and Qi, < i < d, as before. Then 

e(B)=re{A)+Y,j{MB q )e{B/q)+ £ £ MBq )e{B/q). 

Proof. Let q G Q'. First we show that q is contained in £2, for some i with g < 
i < d — 1. Indeed for such q, write £(AiB q ) = dimB q = i. Then Jj_i + A\B C g, since 
otherwise (Ji_\) q = -B g and A\B q = (x±, . . . , Xi-i)B q , which contradicts the equality 
£(AiB q ) = i. Also dimB/q = d — i because B is equidimensional. Thus q G £2j. Notice 
that £2' is a fixed finite set which does not depend on xi,. . . ,Xd- Moreover Ro/mo is a 
subfield of k(q) = B q /qB q for every prime ideal q of B. By avoiding finitely many more 
proper closed subsets of k dn , we can choose general elements A = (Xij) G i?g n such that 
aci, . . . ,Xi form a super-reduction for the ideal A\B q for each g £ O' with htg = i. Thus 

Ji( t^ ^xf^jB ) = X( B q/{ J i-i B q+ x i B q)) = j( A i B q) CO- We are done by applying Theorem 
4.1. ■ ' 8 
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From Corollary 4.2, we can see that we have indeed added extra terms to the right hand 
side of Inequality (2) in Proposition 1.2, to obtain equality. 

When B is a domain with the same dimension as that of A, we have the following 
corollary. 

Corollary 4.3 Let A = k[A\\ CB = k[B\\ be a homogeneous inclusion of standard graded 
Noetherian domains of the same dimension d, where k is an infinite field. Write A±A = 
(a±, . . . , a n )A, where a±, . . . , a n are homogeneous elements of degree one, and ht A\B = g. 
Let r = [L : K], where L = Quot(B) and K = Quot(A). For general elements A = (Xij) € 
k dn , define Xi, J\-\, and 0.i, 1 < i < d, as before. Then 

e(B) = re(A) + £ £ h { Al *< ) e(B/q). 
i=gg eQ l {x 1 ,...,x i _ 1 )n q 



By Theorem 4.1, and Corollaries 3.3 and 3.5, it is easy to get the following corollary. 

Corollary 4.4 In the same setting as Theorem 1^.1, assume B is Cohen-Macaulay. For 
general elements A = (Xij) £ R$ n , define Xi, and Aj_i, 1 < i < d, as before. 

(a) Assume the ideal A\B satisfies condition Gd and Artin-Nagata property AN^_ 2 . 
Then 

d-i 

e{B) = re{A) + e{B/A 1 B)+ e{B / [H^ + A-^B)). 

i=g+l 

(b) Assume A\B q is a complete intersection for every q £ Proj (B). Then 

d-1 

e(B) = re(A) + e(B/A 1 B)+ e{B / {F^ + Atf)) , 

i=g+l 

where = Fitto(^4i-B/( x i> . . . , x,i^i)B). 

(c) Assume A\B is a perfect ideal of height 2 which satisfies condition Gd- Write 
li(A\B) = n and let X nx f n _]\ be a matrix such that A\B = I n -i(X). Then 

d-i 

e(B) = re{A) + e(B/A 1 B) + £ e(B/(I n (X | Af_J + A t B)). 

(d) Assume A\B is a perfect Gorenstein ideal of height 3 which satisfies condition Gd- 
Write fi(AiB) = n and let X nxn be an alternating matrix such that A\B = Pf n _i(X). 

/ X A T \ 

Let Tj_i = I l ~ 1 I and J(2Vi) be the B-ideal generated by the Pfaffians of all 

principal sub-matrices of Ti_\ which contain X for 4 < i < d— 1. Then 

d-1 

e(B) = re(A) + e(BjA x B) + e(B/(J(T t ^) + A\B)). 

i=A 
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Remark 4.5 In part(a) of Corollary 4.4, we can replace the Artin-Nagata property AN d _ 2 
by strongly Cohen-Macaulay (see the argument of Remark 3.4). 

Now we consider the case when dim A ^ diml?. Let k be an infinite field and R a 
finitely generated fc-algebra. Recall that deg fc (i?) = minjranksi?}, where S ranges over 
all Noether normalizations of R. If R = k[a±, . . . , a n ], where ai, ■ ■ ■ , a n are homogeneous 
elements of degree one, deg k (R) = e(R) = rankgi?, for any Noether normalization S of R 
which is a fc-algebra generated by linear combinations of a% , . . . , a n [17] . 

Write dimi? = d. Let Y = (yij), 1 < i < d, 1 < j < n, be variables over R. Consider 
the generic linear combinations yi = Y^j=i yij a ji 1 — * — ^> regarded as elements of R' = 
R®kk' = k'[ai, . . . , a n ], where k' = k(yij). By [6l 7.3], S' = k'[y\, . . . , yd] Q R' is a finite 
homogeneous inclusion. Hence deg k ,(R') = ranks/ i?' = e(R') = e(R) = deg k (R). 

For A = Aq[Ai] C8 = Bq[Bi], a homogeneous inclusion of standard graded Noetherian 
rings with Aq = Bq = Rq Artinian local, the associated graded ring G = gi AiB (B) = 
Ro[A\T][Bi], where T is a variable over B and B\ is the image of B\ in G. By assigning bi- 
degree (1,0) to the elements of B\ and bi-degree (0, 1) to the elements of A\T, G = ©°° =0 GV,- 
is a bi-graded ring with ®JL G 0j = R [AiT] ~ A (see [IT]). Thus we can think that A C G 
and A p CEDa G is a standard graded Noetherian ^4 p -algebra for every prime ideal p of A. 

Proposition 4.6 Let A = Aq[Ai] CB = i?o[-E>i] be a homogeneous inclusion of standard 
graded Noetherian rings with dinij4 = s and dimB = d. Let Aq = Bq = Rq be an Artinian 
local ring with maximal ideal tuq and |i?o/ m o| = °°- Write A\A = (ai, . . . , a n )A, where 
ai,...,a n are homogeneous elements of degree one. Let ?p = {p G Spec(A) |dimA/p = 
dim ^4} and assume that A p is reduced, dim^4 p a G = d — s and degA p (A p a G) = r for 
every prime ideal p G where G = gr AlB (B). For general elements A = (Ay) G Rq 71 , let 
Xi = Y?j=i ^ij a j' 1 — * — s > Js—l = { x ii ■ ■ ■ j x s -i)B :b {A\B) and Q s be the set of all prime 
ideals q in Min(J s _i + A\B) with dim B/q = d — s. Then 



Proof. Observe £(A\B) = dinij4 = s (see the proof of Theorem 4.1). By Proposition 
2.3 and [2] (see Remark 3.2), for general elements A = (Ay) G Rq 1 , 

Ml v5 )e(B/q)=degv s (x,B) = degv s (x*,G) = c d ^ s {A 1 B), 

which does not depend on the choice of A. We only need to show Cd- S {A\B) = re{A). 
Observe G = Ro^TtfE^ and (^iT)G = G + = ©~ ®f =l Gy. When s = d, by the proof 
of Theorem 4.1, cq{A x B) = degv d {x*,G) =j((A 1 T)G) = (rank^ G)-e(A) =re(A). Suppose 
s < d and let I = d — s. Set A = Rq[A\] = Rq[o\, . . . , a n ] C B = Rq[Bi] = Ro[bi, . . . ,b T ], 
Then A ~ Rq[oiT, . . . , a n T] C G = Ro[a%T, . . . , a n T, bi,...,b T ], where b%, . . . , b T are the 
images of b%, . . . , b T in Giq. We may assume A = Rq[cl\T, . . . , a n T] = Rq[Gqi]. Let Rq = 
Ro[Z,Y,W] and R' = (Ro)^, where Z = (zy), 1 < i < s, 1 < j < n, Y = (y^), 
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1 < /x < Z, 1<^<t, W = (w a /3), l<a<l,l<f3<n + l, are variables over G. Let 
G' = G Bjfc = i^Gio.Goi], A' = A ® Ro flf, = R' [G i] and A" = R^[G 0l ,y[, ... 
where y'^ = Y7u=\ V\a^v for 1 < ^ < Z. For every p' G Spec(A') with dimyl'/p' = dim A' = s, 
p' = pA' for some p G Hence is a field, 0^/ G' is a finitely generated standard 
graded A' , -algebra with dimension equal to I and deg^/ (A' , ®a' G') = deg^ {A p ®aG) = r 

(see the argument before Proposition 4.6). By [BJ 7.3], dim ^4^, ®a> A" = dimA^, <S>a' G' = 
I = d — s. Hence dim A" = dimG" = d. Notice for every minimal prime ideal p" of A" with 
dimA"/p" = d, p" is the extension p'A", where p' is a prime ideal of A' with dimA'/p' = s. 
Thus A''„ is reduced and rank^» G ' „ = rank^/ ®.,a" A' > ®A' G' = deg A i (A ' , ®A' G') = r 

ir *pl I ir pi A y pi y 

(see also the argument before Proposition 4.6). 

Now consider the ideal I = (G 01 , y[, . . . , y[)G' . Let y'^ = YJp=i WapapT+YJ^n+i w al3 y'p__ 
1 < a < I, x\ = J2j=i z ij a jT, 1 < i < s; then y",...,y' l ',x' 1 ,...,x' s form a super- 
reduction for I. Indeed, it is easy to see that y'{, . . . , y" are filter-regular with respect 
to /, as they are generic linear combinations of the generators of /. Moreover, for ev- 
ery prime ideal P' G Spec(G'), if P' contains (y",...,y'i) and Gqi, then P' contains 
YTpt^ n +i w <xpy'i3-n ior 1 < a < I. Since the matrix (w a p), I < a < I, n + l</3<n + l, 
is invertible over G', P 1 contains y'^ for 1 < fj, < I. Thus P' D I. This shows that 
y'{, . . . , y",x' l5 ■■■ ,x' s form a filter-regular sequence for G' with respect to I. By a simi- 
lar argument, one can actually show that they form a super-reduction for /. Let = 
{P 1 G Mm{y'l . . . , y'{, x[,..., | dim G'/P' = 1, G 01 G' £ P'}. Notice that y'{, . . . , y'{ 
are generic linear combinations of the generators of (Gio,Goi)C. By the proof of Theo- 
rems 3.1, 4.1 and the argument similar to [171 6.5], we have 

re(A")=j d (I) 
= X(G'/((y'{, yl x[, . . . , x' s _ x )G' : G , (/) + x' s G')) 
= e(G'/(y'{,...,y[',x> 1 ,...,x f s _ 1 )G> : G , (I)) 

= E KG' P ,/(y'{,...,y' l , ,x> 1 ,...,x> s _ 1 )G' pi )e(G'/pi) 

= e(G'/((x' 1 , . . . , x' s _ x )G' : G> (G 01 G ! ) + (y'{, . . . , y'{))) 

= e(G'/(x' 1 ,...,x' s „ 1 )G' : G , (G 01 G')) 

= e(G'/((x' 1 , . . .,x' s _ x )G' : G i (G 01 G') + x' a G')) 

= degv s (x' 1 , . . .,x' s ,G') 

= c d _ s (A 1 B / ) = c d . s {A 1 B). 

Finally since e(A") = e(A') = e(A), we are done. ■ 

Remark 4.7 In Proposition 4.6, if in addition we assume that B is equidimensional and 
universally catenary, then G is also equidimensional by \17\ 2.2]. Observe for every p G *P, 
there exists P G Min(G) which contracts back to p. Since G is equidimensional, for every 
such P, dimC/P = d. Notice dim A/p = s. Hence Quot(G/P) has transcendence degree 
I = d — s over Quot(A/p). Therefore dim^lp ®a G = I for every prime ideal p G ^3. 
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Remark 4.8 First observe in Proposition 4.6, for each p € ^J, since A p <S>a G is standard 
graded over A p , r = deg Ap (A p a G) = e(A p a G) (see the argument before Proposition 
4.6). Moreover if we assume A is a domain, one can replace r by rank^^ ^ B, where 
Vi = Xy=i ^ijbj, 1 < i < /, for general elements (Ay) G k lr , and k is the residue field of A. 

Proof. One can show (rank^/^ ^ B') ■ e(A) = Cd-s(AiB) by the same argument as 
in Proposition 4.6, where A', B', y'-, 1 < i < I, are constructed in the same way as in that 
proof. By [T71 p. 251], rank^/^ B' = rank^^ )?/! ] B for general elements (Ay) £ fc Zr . 
Since re(A) = Cd-s(-Ai-B), we are done. ■ 

By Theorem 3.1 and Proposition 4.6, we have the following theorem. 

Theorem 4.9 In the same setting as Proposition 4-6, let g = ht A\B. For general elements 
A = (Ay) S Rq 1 , define Xj and £}j, < i < s, as before. Then 

e(B) = re{A) + £ e AlBq (B q ) e(B/q) + £ E *(? ~ ^ ) < B /^ 



<jGi2o i=max{l, g} gGiJi 



By Corollaries 3.3, 3.5 and Proposition 4.6, we have the following corollary. 

Corollary 4.10 Let A C B be as in Proposition 4-6- Assume B is Cohen- Macaulay. Also 
write A\A = (a\, . . . ,a n )A, where a%,... ,a n are homogeneous elements of degree one, and 
g = ht A\B. Let ^ = {p £ Spec(^4) |dim^4/p = dim^4} and assume that A p is reduced 
and degA p (A p 0a G) = r for every prime ideal p € ty, where G = gr^ lB (S). For general 
elements A = (Ay) G Rq 1 , define xi, B.i-\ and Aj_i, 1 < i < s, as before. 

(a) Assume the ideal A\B satisfies condition G s and Artin-Nagata property AN~_ 2 . 
Then 

s-1 

e(B) = re(A) + e(B/A 1 B)+ e{B / {H^ + A X B)) . 

i=g+l 

(b) Assume A\B q is a complete intersection for every q £ Proj (B). Then 

s-1 

e(B)=re(A) + e(B/A l B)+ £ e(B/(F^i + A X B)). 

i=g+l 

where Fi-i = Fitto(Ai5/(xi, . . . , Xi-i)B). 

(c) Assume A\B is a perfect ideal of height 2 which satisfies condition G s . Write 
fj,(AiB) = n and let AT nx ( n _;n be a matrix such that A\B = I n _i(Af). Then 

s-1 

e{B) = re(A) + e{B/A x B) + e(B/(I n (X \ Af_i) + A 1 B)). 

i=3 
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(d) Assume A\B is a perfect Gorenstein ideal of height 3 which satisfies condition G s . 
Write fi(AiB) = n and let X nxn = (a?y) be an alternating matrix such that A\B = 

fX A T \ 

Pf n _l(X). Let Ti-x = I . l ~ 1 I and J(Tj_i) be the B-ideal generated by the Pfaffi- 

\— Ai_i U J 

ans of all principal sub-matrices of which contain X for 4 < i < s — 1. T/ien 

s-l 

e(S) = re(A) + e{B/A 1 B) + ^ e(B/( J(Ti_i) + A X S)). 

Proof. Since B is Cohen-Macaulay, it is equidimensional and universally catenary. By 
Remark 4.7, dim A p <S)a G = d — s for every prime ideal p G We are done by Corollaries 
3.3, 3.5 and Proposition 4.6. ■ 



5 Applications to the special fiber ring. 

In this section, we are going to apply our formulas to the special fiber ring k (g>n M(I), 
where I C R is an ideal generated by forms of the same degree in a standard graded 
fc-algebra R. We have the following theorem: 

Theorem 5.1 Let R = k[R\] be a reduced standard graded Noetherian ring of dimension 
d over an infinite field k. Let I = (a±, . . . ,a n )R be an R-ideal of height g > 0, where 
ai, . . . ,a n are homogeneous elements of degree 5 > 0. Write s = 1(1), k[Ig] the k-algebra 
generated by the forms in I of degree 5, BS°) the 5-th Veronese subring of R and G = 
gTj R (g) (R^). Let = {p G Spec(fc[I<j]) | dim k[Ig]/p = dim k[Is]} ■ For every prime ideal 
p G *P, assume dim k[Is] p ®k[i s ] G = d — s and deg k ^^ p (k[Is] p ®k[is] G) = r (notice when 
s = d, r = T&nk k [j^ p (R( s }) p ) . For general elements A = (Ay) G k sn , let X{ = Y^j=i ^ij a j> 
Ji-i = (x±, . . . , Xi-\)R \r (I) and Qi = {q G Min( Jj_i + 1) | dim R/q = d — i} for 1 < i < s. 
Then 

e(k[l s }) = e(R) 5 -^- - £ £ ji L h ) e(R/a) 5 -^. (7) 

Proof. Let = (x lt . . .,Xi^)R^ : R{S) (hR {S) ), 1 <i <s. For every q G Proj (R), 
let qW = q n i? (<5) . Then J2 ( g> C i? g is an etale local extension [17]. By flatness we 

have J^^Rq = Ji-\R q . Since there are natural isomorphisms from Proj(i?) to Proj(i?( 5 )) 
and from Proj(i?/J) to Vio]((R/I)^) = Pm](R^ /I 5 R {6) ), they induce a one to one cor- 
respondence between the set £2j and the set of all primes in 

V(jf\ + I S R (5) ) with 

dim R^/q^ = d- i for each % with 1 < % < s. Let R {S) = R®/(xi, . . . , Xi-i)R^, 
R = Rj (xi, . . . , Xi-\)R. Since q^Rg = qRq, by flatness we have 
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for every j > 0. Thus we have j^IsR^) = ji(IRq). Also recall e(R^) = e(R)5 d - 1 and 

e(R^/(jf\ + I S R^)) = e(i?/(J,_! + /)) S^' 1 . 

We rescale the grading of both k[I$] and R^ so that k[I$] C R^ is a homogeneous 
inclusion of standard graded Noetherian algebras. Notice k[I$] ~ k ®rM(I), dim fef/^] = 
1(1) = s and dimi?*^ = d. Thus we apply Theorems 4.1 and 4.9 to the homogeneous 
inclusion k [Is] C R( s ) to get Equation (7). ■ 

By Theorem 5.1 and the proof of Corollaries 3.3 and 3.5, we have the following corollary: 

Corollary 5.2 Let R and I be as in Theorem 5.1. Assume R is Cohen- Macaulay. Also, 
let *p = {p € Spec(/c[/5]) | dim k[Is]/p = dimk[Is]}. For every prime ideal p € assume 
de Sk[l s ] p ( k [ I 5] P ( S>k[l 5 ]G) = r (notice when s = d, r = rank fc[/i ] p ( J R( 5 )) p ), where k[I s ], R^ and 
G are defined as in Theorem 5.1. For general elements A = (\j) £ k sn , let Xi = J2]=i ^ij a j> 
Hi-i = (xi, . . . , Xi^i)R :r / and Aj_i be the sub-matrix consisting of the first i — 1 rows of 
A for 1 < i < s. 

(a) Assume the ideal I satisfies condition G s and Artin-Nagata property AN~_ 2 . Then 

fid— 1 fid— g— 1 s ~ 1 fid— i— 1 

e(fc[ia]) = e(!2)— -e(fl/J)— £ e^/^x + /))——. 

(6) Assume I q is a complete intersection for every q € Proj (R). Then 

fid-l fid-g-l s- 1 fid-i-1 

e(k[I s ]) = e(R)—-e(R/I)——- £ ^/(i^ + /))——. 

i=g+l 

where = Fitto(//(xi, . . . ,Xi-\)R). 

(c) Assume I is a perfect ideal of height 2 which satisfies condition G s . Write /i(I) = n 
and let -^ nx ( n -i) ^ e a matrix such that I = I n -\(X). Then 

e(k[I 5 ]) = e(R)— - e(R/I)— - £ e(R/(I n (X | A^) + 1))^-. 

i=3 

(d) ^4ssMme I is a perfect Gorenstein ideal of height 3 which satisfies condition G s . Write 
fi(I) = n and let X nxn be an alternating matrix such that I = Pf n _i(X). Let T^_\ = 

X A T \ 

. l ~ 1 I and J(Tj_i) be the R-ideal generated by the Pfaffians of all principal sub- 

Aj_i U J 

matrices oj ' Tj_i which contain X for 4 < i < s — 1. TTten 

e(fcfo]) = e(R)—- - e(R/I)— - ^ e ( J R/(J(T,_ 1 ) + /))——. 

i=4 



Now we are going to apply Theorem 5.1 and Corollary 5.2 to the following cases. 
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Application 1. If char A; = and R is a domain, Theorem 5.1 yields an upper bound for 
the reduction number rj(I) of I with respect to any reduction J, because rj(I) < e(k[I$]) 
by [22]. This gives a sharper bound than that of |17j . 

Application 2. The ideal I = (a±, . . . ,a n )R of Theorem 5.1 induces a rational map 
(p : Proj(i?) P™ -1 defined by <f>(p) = (ai(p), . . . ,a n (p)), where p € Proj(R)\V(I) and 
ai(p) is aj evaluated at p. Let im(<^>) be the image of <p. Then Theorem 5.1 provides a 
formula for the degree of im(^). Indeed the homogeneous coordinate ring of im(</>) is the 
special fiber ring k[Ig]. Thus deg(im(0)) = e(k[Is]). 

Application 3 (Generalized Teissier's Plucker formula). Let I C be a hypersurface 
defined by a homogeneous irreducible polynomial / of degree 5 > over an algebraically 
closed field k. Let X' be the dual variety of X. Notice that in this case X' is the image 
of the Gauss map of X. Set R = k[Y , Y n ]/(f) and / = (df/dY , df/dY n )R (the 
Jacobian ideal of R). Then dimi? = n and / is generated by homogeneous elements of 
degree 5 — 1. Since A(X') ~ k[I$-i], we can apply Theorem 5.1 and Corollary 5.2 to R to 
get the degree 5' of X' . 

Let s = 1(1) and g = ht /. For general elements (Ay) G k< n+1 \ let = £"=o hj df/dYj 
and = (xi, . . . , Xi-i)R for 1 < £ < s. Now for each i, decompose V(l-i) into a 
union of irreducible components V i 1 _ 1 , . . . , V^ } _ 1 , where V i J _ l ^ Sing(X) for 1 < j < a and 
Vl_Y — Sing (X) for a + 1 < j < b. Define to be the set of irreducible components of 
(Yi-l U • • • U V^_i) n Sing (X) with dimension n — i — 1. 

Let K = Quot(fc[/ (5 _ 1 ]), G = gr (/ ,_ l)fl ( 4 -i) (i?^ 1 )) and r = deg x (K® fc[/a _ l] G). Observe 
that if the dual variety X' is again a hypersurface, i.e., £(/) = dimi? = n, r is just the degree 
of the Gauss map. 



This formula holds for a hypersurface with arbitrary dual variety and singularities. It 
also gives a generalization of Teissier's Plucker formula. 

Moreover, letting -ff«_i = (x±, . . . , Xi-\)R :r I and Aj_i be the sub-matrix consisting of 
the first i — 1 rows of A = (Xij) for 1 < i < s, we have the following cases: 

(a) Assume / satisfies condition G s and Artin-Nagata property AN~_ 2 . Then 



We have 




s-l 



i=g q&Qi 



5(5 - 1) 



n— 1 



(5 - l) n -9- 1 



5' 



deg(V(I)) 



r 



r 




i=g+l 
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(b) Assume I is a complete intersection on X. Then 

deg(V(I))- 



(5-1) 



' ' f -> ^n— i— 1 



- ^ deg(F(Fj_i + I)) 

where = Fitt (///<-i). 

(c) Assume I is a perfect ideal of height 2 which satisfies condition G s . Write n(I) = n 
and let W nx r n _u be a matrix such that I = I n -i(W). Then 



r r 



i=3 ' 



(d) Assume I is a perfect Gorenstein ideal of height 3 which satisfies condition G s . Write 
= n and let W nxn be an alternating matrix such that I = Pi n -i(W). Let Tj_i = 



. and J(Tj_x) be the i?-ideal generated by the Pfaffians of all principal 
Aj_i y 

sub-matrices of Tf_i which contain W. Then 

S 1 i'r) — 1 V™-'- 1 

- £ deg^CJ^O + 7))^— ^ • 

i=4 



We will finish the paper by giving the following example. 
Example: Surfaces in 3-Space (see [U 9.3.7] or [19]) 

Let X : yfi/3 — y\y§ = be a hypersurface of degree 3 in P|, where k is an algebraically 
closed field. Observe R = k[y , y u 2/2,2/3]/ (ViVs-yho) = k[Vo, Vi, V2, V3] is the homogeneous 
coordinate ring of X and I = V(y\, ViV-s, y^VQi v\) ls * ne Jacobian ideal of R. The singularity 
locus Sing (X) of X is equal to V(I) which is a line consisting of double points and 2 pinch 
points: (0, 0, 0, 1), (1, 0, 0, 0). Since the special fiber ring F(I) = k^\,y 1 y^,y 2 yQ,y\] is the 
homogeneous coordinate ring of the dual variety X' , we can use our formula to find the 
class 8' = degree (AT') of the variety X. 

Observe dimi? = 3, I is generated by forms of the same degree 2, htl = 1, 1(1) = 3 and 
r = 1 the degree of the Gauss map. Let x\ = y{y^ — y^Q-, x 2 = y\ — v\ + 27i273, then 

£1 = {(2/1,1/2)}= £2 = {(voii/iiPaJjCi/ii^^iCi/o-yajyi.^)}) 

and 

<5' = degree(A') = e(F(I)) 
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= 3 • 2 2 - 2 • Y, h(i q ) - Y h(i q /(ym - 

qeQi qeQ2 
= 3 • 2 2 - 2 • 2 - (2 + 2 + 1) = 3. 
Indeed, X' is a hypersurface which is isomorphic to X. 
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